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A reduced-order model is developed, allowing for a fast computation of the tempera-
ture field in multichannel microreactors. The model regards the fluid and the solid
phase as interpenetrating continua and incorporates heat exchange between the two
phases via a heat-transfer coefficient, characteristic for the channel geometry under
study. The geometry of the channel walls determines the components of the thermal
conductivity tensor, which govern conductive heat transfer to the envelope of the reac-
tor. The mean-field model is solved numerically for a test case inspired from practical
applications. Parallel to that, a detailed model based on standard methods of computa-
tional fluid dynamics is set up with the purpose to benchmark the results of the mean-
field model. This full model incorporates the geometric details of the multichannel re-
actor and contains considerably more degrees of freedom than the mean-field model,
resulting in a computational effort that is larger by at least a factor of several hun-
dred. It is found that the temperature fields computed with the two models agree up to
maximum deviations of about 3 K on a scale of 35 K. Thus, the mean-field model ap-
pears as an efficient tool to evaluate the thermal performance of multichannel micro-
reactors, especially in the context of parameter studies or system optimization. © 2007
American Institute of Chemical Engineers AIChE J, 53: 1006-1016, 2007
Keywords: heat transfer, microreactor, multichannel stack, simulation, model reduction

Introduction

Over the past few years, chemical micro process technol-
ogy has attracted an increasing attention in science, engineer-
ing, and industry. This technology is based on guiding fluids
through microchannels, where chemical reactions occur and
feed components are converted to specific products. The ben-
efits of conducting chemical reactions in microfluidic devices
are manifold, among others an increased product yield, sup-
pression of by-products, or production on demand.'? The
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physical reason for such an increased performance is often
the speed up of heat and mass transfer processes, effects that
are discussed at length in the books by Karniadakis et al.® or
Zohar, along with many other characteristic features of
microflows. A generic geometry especially for gas-phase
microreactors is that of a multichannel stack, where a num-
ber of microstructured platelets are stacked onto each other
to form a device with a (large) number of parallel micro-
channels.”>™® Such designs have been utilized for various
reactions such as oxidations or hydrogenations (for an over-
view see Hessel et al.!).

An important point to consider when designing multichan-
nel stacks is their thermal management. Ideally, the reaction
conditions are as uniform as possible, in particular the
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temperature level should be approximately the same in all
the channels. The rate constant of chemical reactions usually
has an exponential dependence on temperature, which means
that the conversion and selectivity achievable in a micro-
channel depend strongly on temperature. In a multichannel
stack which is not designed as a heat-exchanger reactor, a
large portion of the heat created or consumed in the reaction
is transported by conduction through the wall material. Thus,
the reactor should be designed in such a way so as to ensure
fast enough heat conduction to guarantee reaction conditions
that are as uniform as possible over the multichannel domain.
In that context, numerical computations are a helpful tool to
assess the suitability of different alternative designs a priori.

Typically, a numerical evaluation of the flow, thermal, and
reaction dynamics is done for a single channel. However,
there is thermal coupling between the different channels of a
reactor and the thermal boundary conditions to be applied for
a single channel are not known in advance. Therefore, sin-
gle-channel simulations are of limited use, and the tempera-
ture distribution in the complete multichannel stack has to be
considered when evaluating the performance of a microreac-
tor. It has been noted by a number of authors’'” that, owing
to the comparatively large share of wall material in micro-
reactors, heat transfer between adjacent microchannels pro-
ceeds in a different manner as in macroscopic devices. While
macroscopically heat conduction along the solid walls can
often be neglected and only heat transfer across the walls has
to be considered, longitudinal conduction can play an impor-
tant role in microdevices. Consequently, heat conduction in
all three spatial dimensions has to be incorporated into a
model. State-of-the-art tools for Computational Fluid Dynam-
ics (CFD) allow performing 3D simulations of reactive flows
in parallel microchannels. In this context, the reactor geome-
try, including all of the fluid—solid interfaces, is modeled ex-
plicitly, resulting in very large computational grids when a
multitude of channels has to be considered. When parameter
studies or optimization runs need to be performed, the com-
putational burden related to such a full model is usually
much too large. Therefore, effective models with a reduced
number of degrees of freedom are needed to allow for a fast
evaluation of design variants. In that context, the term
“degree of freedom” refers to the unknowns of the corre-
sponding mathematical problem, which can be either field
values at specific points in space or expansion coefficients
for the fields to be computed.

A common way of formulating low-dimensional models
(that is, such with a comparatively small numbers of degrees
of freedom) for systems of parallel microchannels is to sub-
divide the multichannel stack into different layers and to
define a network of thermal resistors layer by layer. Corre-
sponding models have been developed for stacked micro-
channel heat sinks being used for the cooling of microelec-
tronic components and take into account the 3-D architecture
of the cooling device.'"!? Alternatively, an averaging ap-
proach may be employed where spatially averaged fluid and
solid temperature fields are defined, which are coupled via a
heat transfer coefficient. Such a model has been developed to
compute the temperature distribution in a microchannel heat
sink with a single layer of channels,'*'* that is, effectively a
2-D description with continuous temperature fields for the
fluid and the solid phase is used.
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As an alternative to these, more empirically-based techni-
ques, low-dimensional models may also be derived in a more
formal manner. Model reduction aiming at extracting a com-
putational model with relatively few degrees of freedom
from a high-dimensional description has been an active
research area in the past decade. A large portion of the work
is related to the theory of linear dynamical systems and, on
the application side, a focus has been on electrical engineer-
ing where, for example, it has been attempted to describe the
dynamical behavior of electromagnetic devices using low-
dimensional models.">'® In this context, the objective is of-
ten to model the transfer function relating the output of a
system to the source terms acting in this system. In fre-
quency space, the transfer function has a number of zeros
and poles, and one goal of model reduction is to preserve as
much of this structure as possible in a certain frequency
range. For this purpose, techniques such as Padé approxima-
tions and the construction of Krylov subspaces are employed
(for an overview, see Bai”).

In contrast to linear dynamical systems, nonlinear models
are often required for systems involving fluid flow. Such
nonlinear systems are much more difficult to analyze than
their linear counterparts. Nevertheless, also for these types of
problems model reduction techniques have been developed,
which owing to the complexity of nonlinear differential
equations are usually not able to approximate the mathemati-
cal structure of the operators involved in an equally reliable
manner as in the linear domain. An example for nonlinear
model reduction is proper orthogonal decomposition (POD)."®
In POD, it is attempted to determine a low-dimensional
subspace, which has the property that the projection of the
full solution onto this subspace comes as close as possible
to the full solution itself. This method is quite general
and can in principle be applied to a large class of nonlinear
problems.

A common feature of these techniques for model reduction
is their algorithmic approach, i.e. a well-defined mathemati-
cal procedure is employed to reduce the number of degrees
of freedom of an equation or an operator. In contrast to that,
the approach we propose in this paper is rather empirical.
Rather than writing down the full-scale model and trying to
reduce its degrees of freedom by formal operations, our
model is constructed in a manner where we replace the origi-
nal physical picture by an approximately equivalent picture.
The model we present is, to our best knowledge, the first
reduced-order model for heat transfer in multichannel micro-
reactors applicable to 3-D geometries. It allows for different
temperatures of the fluid and the solid phase, and therefore
does not rest on the assumption of thermal equilibrium
between the two phases utilized in models of heat transfer in
porous media.' Based on the mathematical formulation pre-
sented in this article, we hope to enable a fast numerical
evaluation of heat transfer in 3-D multichannel reactor geo-
metries, especially in view of parameter studies and design
optimization.

The Model Equations

A generic geometry of a multichannel microreactor is
sketched in Figure 1. Many microchannels, usually several
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Figure 1. Multichannel stack comprising a large number of microchannels of rectangular cross section.
The white crosses indicate the (x, y) and (x, z) positions corresponding to the plots shown in Figure 5.

hundreds up to several thousands, are arranged in layers
stacked onto each other. As a whole, the multichannel stack
forms a cuboid of extension L,, Ly, L. in x-, y-, and z-direc-
tion, respectively. The microchannels of width wy and depth
he are assumed to be parallel to the z-axis and are separated
by solid walls of thickness w, and A, respectively. The chan-
nel walls might be coated with some catalyst medium, or,
alternatively, a homogeneous chemical reaction not requiring
any catalyst might occur. Usually the multichannel section is
embedded in some solid reactor housing containing heating
or cooling elements, so it is assumed that the temperature on
the envelope of the stack is known. In many cases isothermal
boundary conditions should be a reasonable assumption.

The reactor is operated by distributing the reaction fluid
over the channels, where either an exo- or an endothermic
reaction occurs. The product fluid leaves the reactor and takes
away some of the thermal energy. A considerable amount of
heat, however, is transported by conduction through the
channel walls to the envelope of the multichannel stack. The
model presented in the following should be able to reproduce
the temperature field in the reactor in an average manner.

The need for modeling single channels and their specific
geometry is eliminated when regarding the reaction fluid and
wall material as interpenetrating continua. Hence, in the fol-
lowing it is assumed that the reactor stack is filled with inter-
penetrating fluid and solid phases that interact via the
exchange of heat. The volume fractions of these phases can
be derived from the geometric parameters kg, hg, wy, and wy,
shown in Figure 1 and are given as

wrhg

o+ ) (s - ) O, =1— Py. (@9

Op =

The temperature field of the solid phase can change
because of heat conduction or because of heat transfer from
the fluid phase. For the fluid, heat conduction is neglected
but convective heat transfer due to the flow velocity as well
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as heat transfer from the solid is taken into account. In the
x—y plane no conduction within the fluid without intermediate
transfer to the solid walls can occur. The reason for not
including fluid heat conduction in z-direction is the fact that
in most cases of practical relevance it is negligible when
compared with convective transport, an aspect which will be
illuminated in some more detail below. The fluid and solid
temperature fields Ty and T are then obtained as solutions of
the equations

0 0
prer 5+ ui—] Ty = —a ay(Ty — T,) + Set

ot ox;
0 0 0
s s = =—=kijTs — v(Ts — T csy 2
psc at axiaxjk] xa ( f) +S ( )

where x; and ¢ refer to the space and time coordinates, ¢y, ¢
are the fluid and solid specific heats, u; is the average veloc-
ity of the fluid (averaged over a channel cross section), o the
heat transfer coefficient from the channel walls to the fluid,
and ay the specific surface area (wall surface/reactor vol-
ume). Throughout this article, the Einstein convention of
summation over repeated indices is assumed. The fluid and
solid densities are volume-averaged quantities and given as

0
pf = q)fPE )7

p, = Oyp”, 3)
where the superscript (0) indicates the corresponding material
densities. The equation for the fluid temperature contains
source term S and S.s which could, for example, represent
the input of thermal energy from a chemical reaction. Having
source terms in both the fluid and the solid equation leaves
open the possibility of studying homogeneous (S.s = 0) and
heterogeneously catalyzed reactions (S = 0), where heat is
generated in a catalyst attached to the wall. Owing to the an-
isotropy of the solid matrix, the thermal conductivity is
direction-dependent. For this reason a thermal conductivity
tensor k;; appears in Eq. 2. The heat transfer coefficient o can
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be obtained from well-known correlations for rectangular
channels.”® If entrance flow effects can be neglected, which
is the case in a number of practical situations, the value of o
is position-independent. Otherwise the enhanced heat transfer
in entrance flows might be parametrized as a z-dependence
of the heat transfer coefficient. Besides in the thermal con-
ductivity tensor and in the heat transfer coefficient, informa-
tion about the geometry and the characteristic scale of
the microchannel domain is contained in the quantity av.
The specific surface area plays a key role in determining the
speed of heat transfer, but is not generic for the reactor ge-
ometry since a variety of geometries can be mapped onto the
same ay. It should also be mentioned that in this work no
attempt is made to incorporate specific micro- and nanoscale
transport effects, such as slip-flow or temperature jump at the
channel walls.?! These effects may be of relevance when the
channel diameter becomes very small (of the order of 1 um)
and require a modification of the heat transfer coefficient
with respect to its classical value in macroscopic systems.

The model of Eq. 2 can be regarded as a mean-field model
expected to describe the average temperatures of the fluid
and the solid phase without incorporating the local fluctua-
tions which are because of temperature gradients within sin-
gle channels or channel walls. It may be derived from the
full transport equations using an averaging approach described
by Kaviany."’

To clarify whether or not it is justified to omit the axial
heat conduction term in the fluid, the following order-of-
magnitude inspection may be employed. The conductive
term in the energy equation for the fluid is given by k; (0%/
02T, the convective term by peciu, (0/0z)Ty, where ki is the
thermal conductivity of the fluid. Assuming an extension of
the multichannel stack in z-direction of L., the order of mag-
nitude of the conductive and the convective term is k0/L>
and pecqu.0/L., respectively, where 0 is a characteristic tem-
perature scale. The ratio of the conductive and the convective
term is then given as 1/Pe; with Pe; being the Péclet num-
ber, which has been computed using the channel length L, as
length scale. Reformulation to quantities with the hydraulic
channel diameter d as length scale gives 1/Pe; = (d/L,)1/Pe,
= (d/L,)1/Re,Pr. For typical microreactors and corresponding
processes, the orders of magnitude of the different terms in
this expression are given as d/L, ~ 10’2, Re,; ~ 104, Pr~ 1,
yielding a ratio of the conductive and the convective term of
10>, This conservative estimate is based on gas flow in
microchannels of about 100 um hydraulic diameter and shows
that axial heat conduction in the fluid phase may usually be
safely neglected, compared with convection. The suppression
of axial heat conduction is a manifestation of the well-known
result that this effect may be neglected in the limit Pe; — oco.
There are a few exceptional cases where this limit is not
approached well enough, for example reactors into which a
non-preheated fluid is guided, subsequently getting in contact
with the hot entrance region of the reactor and being heated
up rapidly while undergoing an exothermic reaction.”>??

The velocity field #; may depend on the downstream posi-
tion inside the reactor, as in the case of a gas-phase reaction,
which does not conserve the number of molecules. Then the
convection—diffusion-reaction equations for species concen-
tration have to be solved in combination with Egs. 2 to deter-
mine the velocity field in the reactor volume for given inlet
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conditions. In this work, however, it is assumed that the ve-
locity field is known a priori in the whole reactor volume,
and only the equations for the temperature fields are solved.
There are specific situations where a priori knowledge about
the velocity field in the reactor is available. If the pressure
barrier due to the microchannels is large enough, the flow
will distribute almost equally over the different channels. In
streamwise direction, the velocity will remain approximately
constant if the chemical reaction conserves the number of
molecules and the temperature variation is small compared to
the average absolute temperature in the reactor, an assump-
tion which is fulfilled in many practical cases. It should,
however, be noted that the model of Egs. 2 can be supple-
mented by a momentum equation which, similar to the
energy equation, is obtained from a description based on
interpenetrating continua. Such an approach would allow
evaluating the spatial dependence of the velocity field, espe-
cially in the x—y plane, and would enable the study of
changes in the velocity distribution, for example, when the
device dimensions are varied in the framework of a parame-
ter study. Owing to the added complexity the implementation
and analysis of a correspondingly extended model are left to
a forthcoming publication.

In any case, both the heat transfer coefficient and the ve-
locity field are key ingredients of the model presented here
and are crucial for the accuracy of the results. The heat
source (or sink) is located in the fluid phase, and first the
heat needs to be transported from the fluid to the solid phase
before it is further conducted through the network of channel
walls. The time scale for this initial step is proportional to
o', while the residence time in a channel is proportional to
u.'. Correspondingly, the number of transfer units for heat
transfer between the fluid and the solid phase is proportional
to a/u., thus underlining the impact of these two quantities
on the overall accuracy of the results.

A main component of the model governing conductive
heat transport is the thermal conductivity tensor k;;, which
depends on the geometry of the channel walls. To a good
approximation, the multitude of walls shown in Figure 1 can
be regarded as a network of thermal resistors (for a detailed
analysis of heat conduction in anisotropic media, see chapter 4
of the book by Sahimi**). A resistor element from which the
network can be build up is shown in Figure 2. To determine
the resistances of such an element in x- and y-direction, a se-
ries arrangement of two sections of different cross-sections is
considered. In x-direction, the resistor comprises one section
of length wy and width h; and one section of length w, and
width ig + he In y-direction, the corresponding segments have
a length of A, hg and a width of wg and wy 4+ wy, respectively.
In z-direction, the thermal conductivity is simply determined
by the area fraction (equaling the volume fraction) of solid
material, bearing in mind that the fluid is assumed to have
zero conductivity. Based on the resistor elements, the compo-
nents of the thermal conductivity tensor are derived as

hf +hs

S

-1
k)g ~ (Wf + Ws) [ wg + WS] k57

wg + w, -1
kyy ~ (hg + hs) [%hf +hs] ks,

ko ~ Pk, (4)
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Figure 2. Thermal resistor element from which the
walls of the multichannel stack can be built
up.

The projection onto the x—y plane is shown.

where k, represents the thermal conductivity of the solid ma-
terial. All other components of the thermal conductivity ten-
sor vanish in the chosen reference frame.

In the geometry sketched in Figure 1, the microchannel net-
work forms a structure periodic in the x—y plane, i.e. the same
unit cell containing a channel surrounded by solid walls is
repeated to form the complete structure. However, the model
presented in Egs. 2 is not limited to such periodic structures
and can as well be applied to situations where the channel di-
ameter, aspect ratio, and wall geometry change as a function
of x and y. For this purpose, a x and y dependence of the heat
transfer coefficient o, the surface-to-volume ratio ay, and the
thermal conductivity tensor k; may be introduced, reflecting
the geometrical changes in the multichannel domain.

In many practical cases only the stationary limit of Eqs. 2
with time derivatives set to zero has to be considered. Owing
to the negligible heat conduction in the fluid phase, the trans-
port equations in the two phases are of different nature. Heat
transfer in the solid is governed by a second-order PDE, and
in order to uniquely determine the temperature field, appro-
priate thermal boundary conditions have to be defined on a
closed surface. In contrast to that, transport of heat in the
fluid phase is described by a first-order PDE, and integration
along the streamlines of the flow suffices to determine the
temperature field. The fluid flow inside the microchannels is
in z-direction, that is, the velocity field u; only has a z-com-
ponent. Then the PDE for the fluid phase becomes an ordi-
nary differential equation of the form

d
Ti = =i + 5., )
with
v T+ S
= %:ﬁiiﬁ. 6)
prcelt; prcrt;

If 2 can be assumed as z-independent, the solution is given
by

n:ﬂza+/ﬁ$um’, @)
0

where C; is a constant of integration. Usually, the fluid tem-
perature Tj, at the inlet to the multichannel stack is known.
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Then C; = T;,, which may still vary as a function of x and
y. Equation 7 expresses the fluid temperature as a function of
the solid temperature. When inserting this expression into the
PDE for the solid phase, a closed equation for the solid tem-
perature is obtained which reads

0? o
@k,-,-TS:ocav(Ts—efisz) —eﬂ‘/ J.e" (0ayTs+Ser)dz — Ses.
i 0
()

The price for eliminating the fluid temperature is the more
complicated structure of this equation, which is of integro—
differential type. When taking the derivative with respect to
z, again a pure differential equation is obtained which reads

0) o a,. .. 0
[;\.—‘ra]aixgkl‘l'TS—“avaTs_/LSCf_&Scs. (9)

Hence, the conjugate heat transfer problem between the
solid and the fluid in a multichannel stack reduces to a third-
order differential equation for the solid temperature together
with Eq. 7 from which the fluid temperature can be obtained.
It is conceivable that in a number of situations Eq. 9 is more
accessible to numerical approaches or analytical approxima-
tions than its counterpart, Egs. 2.

To uniquely determine the temperature field, boundary
conditions have to be defined on the planes z = 0, z = L.,
X = *Ly,y = *L,,. In many cases, a realistic choice of
boundary conditions could be 0/0zTl._q = 0/0zT. — ;, = 0,
Td=xr, = Ty=xr , = To, with a fixed temperature To. The
condition of vanishing temperature gradients at z = L.
reflects a scenario where the channels are long enough or the
flow velocity is small enough to allow to neglect heat con-
duction at the channel exits, an assumption that is fulfilled in
many practical situations. However, any other set of consist-
ent boundary conditions is admissible. Solving Eq. 9 for the
z-dependence of Ty involves three constants of integration
(which are actually not constant since they may be functions
of x and y because of the third-order derivative in z). Two of
these constants are to be adjusted such that the boundary
conditions at z = 0 and z = L, are fulfilled. The third
constant needs to be chosen such that Eq. 8 is satisfied,
which is not equivalent to Eq. 9 but has been used to derive
it. For this reason, not every solution of the third-order
PDE automatically fulfils the initial integro—differential
equation.

Numerical Solution and Validation

Formally, Eq. 9 is easier to solve than the system of equa-
tions Eq. 2. The advantage of Eq. 2, however, is the (convec-
tion)—diffusion type structure which makes the model acces-
sible to numerical solution by standard CFD tools. Virtually
all state-of-the-art CFD tools offer an Euler—Euler model for
multiphase flows.? Briefly, the idea of such Euler—Euler
models is to treat two phases as interpenetrating continua
occupying certain volume fractions of the flow domain. The
phases can exchange momentum, heat, and matter via source
terms appearing in the respective transport equations. The
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results to be presented in this section have been obtained
with commercial CFD tools based on the Euler—Euler descri-
ption. In this context, a vanishing velocity was chosen for
the solid phase and a constant velocity in z-direction u, for
the fluid phase. The velocity fields were regarded as fixed,
predetermined quantities. The exchange of heat was modeled
via the exchange terms appearing in Eq. 2. Throughout this
section it is assumed that the reactor contains repetitive
channel structures, that is, o, ay, and k; are fixed, spatially
independent quantities. Usually, the standard Euler—Euler
models for two-phase flow do not allow incorporation of an
anisotropic thermal conductivity. However, by rescaling the x
and y coordinates the anisotropy can be eliminated. For this
purpose, the second equation of Eq. 2 is rewritten as

2 2 2
:kzz[ a g g ]T;*O(Clv(Tszf)

0
pSCS*T s"@+s}'6i)ﬂ+@ s s

o’

+ Ses, (10)

with s, = k./k.., s, = kyy/k.. and making use of the diagonal
structure of the thermal conductivity tensor. By introducing

rescaled coordinates X = x/./sy, ¥ =y/,/5y, the system of
transport equations to solve becomes

[§+ 9]T— (Tr—T) +S
PsCe o Moaz f= —oay\lr s cf

PR AN P (T, —T¢) +S
Cs 2 Ls = Kz s —xay(ls — csy
PsCs 3t R ) f

(11

where now the computational domain spans the region
defined by

L L L, L
X X 'y < < 'y
2 YE0h0 2w Y S as
/Sy /¢ /Sy /5y (12)
0 < z< L,

As a specific model geometry, the multichannel reactor
shown in Figure 1 is considered. The reactor comprises 160
microchannels with a depth A¢ of 80 um. The other dimen-
sions characterizing the channel and wall cross section are
hy = 120 pm, wy = 500 pum, and wy, = 80 um. The external
dimensions of the model are L, = 4.64 mm, L, = 4.0 mm,
and L, = 9.50 mm. The archetype for this model is a micro-
reactor for the partial oxidation of ethylene developed at the
Institute of Microtechnology Mainz, Germany. The material
and operation parameters for the simulations discussed in
this section were chosen compliant with the existing reactor
and its operation modes. A gas with the properties of nitro-
gen at 300°C (573.15 K) and 5 bar?® is assumed to enter the
reactor in positive z-direction with a velocity of 1.54 cm/s.
The thermal conductivity of the wall material was set to 20
W/(m K), a typical value for stainless steel. The energy input
from exothermic chemical reactions occurring in the reactor
was modeled by introducing a source term (power/reactor
volume) of S.; = 2.16 X 10° W/m® in a slab extending from
the entrance plane up to 1 mm downstream, while S.; = 0.
That way a very fast reaction with spatially heterogeneous
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energy input should be mimicked in a simplified way, and its
consequences on the temperatures in both the fluid and the
solid phase should be studied.

In the mean-field model, reflection symmetry with respect
to x - —x and y — —y was utilized (Figure 1), and a com-
putational domain with extensions

Ly Ly

0 <¥<s—0=, 0<y< v 0=sz<s L (13

2

B
3

was set up, thereby accounting for the anisotropy of heat
conduction in the solid matrix. The thermal boundary condi-
tions were chosen compliant with the implementation of
Euler—Euler models in commercial CFD tools and are sum-
marized as follows

oT;

- == O, T ~ . — T

ox |z "X: b 0

oT;
= :O7 Ti|~_i:To,

ay 5=0 V=15

oT; oT;

- ’ —0 (14)

0z z=0 0z z=L,

where the subscript i refers to either the fluid or the solid
phase and Ty = 300°C (573.15 K). The heat transfer coeffi-
cient o determines the thermal coupling between the two
phases and was computed from the correlation for rectangu-
lar channels given by Shah and London.?’

The numerical solution of the mean-field equations was
performed using the commercial finite-volume solver Fluent
6.1 (Fluent). A structured Cartesian computational grid of
19,125 cells was set up with an increased cell density
towards the entrance plane in order to account for the steep
temperature gradients found in this region, owing to the spa-
tial distribution of the source term. With the fluid velocity
given, only Eqgs. 11 had to be solved. The QUICK differenc-
ing scheme®® was used for discretization of the convective
term.

To benchmark the results of the mean-field model, a
full simulation based on an explicit modeling of the geo-
metric structure of the channel walls was performed. For
this purpose, a computational domain of the same extent
as defined in Eq. 13 was set up, that is, a quarter of the
complete multichannel stack with 160 channels was mod-
eled. The same thermal boundary conditions as in Eq. 14
were used. For the fluid phase, the incompressible Navier—
Stokes equation was solved in combination with the energy
equation

0
PEO)CfMia*Tf = keV*T + Set, (15)
Xi

both in their stationary limit.
In the solid phase, only the heat conduction equation

VT, =0 (16)

was solved, demanding continuity of the temperature fields
and the heat fluxes at the channel walls. At the inlets to the
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Figure 3. Temperature contour plot in a plane z = const. = 2 mm, as obtained with the full (left) and the mean field

model (right).

An inlet velocity of 1.54 cm/s, a temperature of 300°C at the envelope of the stack and a power density of 2.16-10° W/m® in the heated

section of the reactor were assumed.

channels a velocity of 1.54 cm/s was imposed, and a con-
stant-pressure boundary condition was used at the channel
outlets.

To resolve the geometric features of the model, a quite
large computational grid is required. A grid resolution of 120
x 160 x 98 cells was chosen in x, y, and z direction, respec-
tively, amounting to a total of about 1.9 million cells within
a structured Cartesian grid. In a similar way as in the mean-
field model, biased subdivisions in z-direction were defined
to better resolve the temperature gradients close to the en-
trance plane of the reactor. The full simulation was per-
formed using the commercial finite-volume solver CFX5.7
(ANSYS CFX). For discretization of the convection term in
both the momentum and the heat transport equation, a flux-
corrected transport scheme based on the work of Barth and
Jespersen® for unstructured grids was used. The solution of
the system of nonlinear algebraic equations obtained after
discretization was performed with a fully coupled solver,
treating the different equations for conservation of mass, mo-
mentum, and energy on an equal basis. For this reason, no
separate pressure—velocity coupling scheme had to be speci-
fied. The systems of linear algebraic equations obtained
within the nonlinear iteration scheme were solved with the
help of the algebraic multigrid method.*

Typical temperature distributions obtained with both mod-
els are shown in Figure 3. The figure displays temperature
contour lines over a cross section of the reactor in a plane
with z = 2 mm, on the left side those of the full, on the right
side those of the mean-field model. Eighteen contour lines
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are equidistantly spaced between a minimum temperature of
573.15 K and a maximum temperature of 580.92 K. At this
position in the reactor, the solid and fluid phase contour lines
obtained with the mean-field model are indistinguishable. As
expected, the contour lines of the mean-field model are
smoother than those of the full model. The reason for the
kinks in the contour lines of the full model are the very dif-
ferent thermal resistances of the fluid and the solid phase,
leading to very small temperature gradients in the solid walls
as compared with the fluid. The overall agreement of the two
different descriptions is good and indicates that the mean-
field model provides a reasonable approximation to the com-
plete picture.

A comparison of the two models in form of a x—y plot is
shown in Figure 4. On the top of the figure, the data for the
solid temperature are displayed, on the bottom those for the
fluid temperature. The curves show the temperatures along a
straight line located at x = 0, y = 0, that is, the temperature
profiles in flow direction. As there is no fluid channel at this
location, the data for the full model have been obtained by
averaging the temperature in the channel closest to (x,y) =
(0,0). The results show that in the entrance region to the
multichannel stack, the fluid temperature deviates from the
solid temperature in both the full and the mean-field model,
thus justifying a description going beyond a thermal-equilib-
rium scenario. The difference between the two temperature
levels is smaller in the full model, probably because of the
enhanced heat transfer in hydrodynamically and thermally
developing flows, which has not been implemented in the
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Figure 4. Solid (top) and fluid (bottom) temperatures
along the flow direction as obtained from the
full (dots) and the mean field model (lines).

The data have been evaluated in the center of the reactor at
x = y = 0. The conditions were the same as those
described in Figure 3.

mean-field model. Inclusion of a locally increasing heat
transfer coefficient in the entrance region of the reactor may
also improve the agreement between the two models for z <
1 mm. Owing to the more efficient heat transfer in the solid
(compared with that in the fluid, which is characterized by
an additional resistance because of the fluid-solid heat trans-
fer), the temperatures in the solid are lower than those in the
fluid. Overall, the agreement between the two model predic-
tions is satisfactory, with local differences in temperature of
about 3 K at maximum and a total temperature range of
about 35 K.

A second comparison is shown in Figure 5. The top of the
figure shows the temperatures in the solid plotted along the
z-direction for x = 1.16 mm and y = 0. On the bottom, a
temperature plot along the y-direction is displayed, with x =
0.29 mm and z = 2 mm. The direction vector of this plot
lies in the symmetry plane of first column of channels
counted from the center of the reactor. The top of the figure
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shows a good agreement, thus indicating that also for off-
center plots along the z-direction the mean-field model
approximates the temperature field quite well. On the bottom
of Figure 5, the mean-field curve follows the full-model data
only very roughly. At such a distance from the entrance
plane, the fluid and the solid temperatures have equilibrated
such that only a single line is necessary to represent the
results of the mean-field model. The zig-zag-shape of
the temperature field obtained from the full model is due
to the line cutting through both fluid and solid volumes,
where the almost horizontal segments of the temperature
curve represent the solid. In spite of the at first sight unsatis-
factory comparison of this profile with the mean-field data, it
should be noted that the absolute deviations between the two
data sets are rather small, amounting to less than 1.5 K.

592 5
580 4 ™
.
588 4
586 b1
584 +

562 - X,

TIK

* 580 e
578 - N
576 - .

574 < TP

5724 e

581

580 <

579 4

578

TIK

T
0.0 0.5 1.0 15 20
y ! mm

Figure 5. The top of the figure shows the solid temper-
ature as a function of z at x = 1.16 mm and
y = 0. On the bottom, temperature is plotted
along the y-direction at x = 0.29 mm and z =
2 mm.

Dots indicate the full-model, lines the mean-field data. The
conditions were the same as those described in Figure 3.
The positions at which the plots in z- and in y-direction
have been created are indicated in Figure 1.
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Figure 6. Relative deviation between the full and the
mean-field model as a function of z for (x,y)
= (0,0) (solid line) and (x,y) = (1.16 mm, 0)
(dashed line).

The conditions were the same as those described in Figure 3.

The relative local deviation between the two models being
defined as

! T(full) _ T(mf)

ATioc = T (ull) _ To

A7)

is displayed in Figure 6 as a function of the z-coordinate.
Here, the temperatures in the solid are compared and the
same points in the x—y plane as in Figures 4 and 5 have
been chosen. The two different curves look very similar and
virtually lie on top of each other. In the entrance region, the
local temperature deviation is about 7% and grows to about
30% in the region close to the outlet plane. Note however,
that in this region 7™ _ T, has already dropped below
0.5 K.

To check the grid independence of the numerical results,
two separate grids with a larger and smaller number of cells
than the reference case were set up. In the case of the mean-
field model, these grids comprise 5700 and 61,468 cells,
respectively. For the full model, the corresponding numbers
of computational cells are 600,600 and 4,804,800. Figure 7
displays the fluid and solid temperature profiles along a line
in z-direction cutting through the center of the multichannel
stack for different grid resolutions. The figure shows very lit-
tle deviation between the results obtained with the reference
grids (dotted curve) and the results of the coarser (dashed
curve) and finer (solid curve) grids. In the case of the mean-
field model, the different curves are not even distinguishable.
This shows that the grid resolution chosen is large enough to
compute the temperature field within the reactor with suffi-
cient accuracy.

One may argue that the results presented so far are quite
specific, since they relate to the reactor geometry shown in
Figure 1. To explore the limits of validity of the developed
model for reactors with a smaller number of channels, a total
of seven different multichannel stacks with 20, 16, 12, 8, 6,
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4, and 2 platelets with microchannels were considered. The
model with 20 layers corresponds to the original geometry
shown in Figure 1, in the other cases the number of layers in
y-direction is reduced, with the height of the multichannel
stack L, being reduced accordingly. Since the mean-field
approach described in this article is based on an averaging
procedure over the microscopic geometrical features (the
channels and the channel walls), it is expected that the qual-
ity of the approximation deteriorates as the number of layers
is reduced. As a measure for the discrepancy between the
full and the mean-field model results, an absolute deviation
is introduced as

L.
1 A .
ATy = / ‘T(““” — ()

'z

0

dz. (18)

The integral in z-direction is to be evaluated at x = y = 0,
that is, in the center of the reactor which belongs to the solid
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Figure 7. Solid and fluid temperatures in the center of
the reactor as computed with the reference
(dotted curves), coarser (dashed curves), and
finer grids (solid curves).

The top of the figure shows the results of the full model,
the bottom those of the mean-field model. The conditions
were the same as those described in Figure 3.
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= (0,0).

The squares and dashed line show the absolute, the trian-

gles and the full line the relative deviation. The conditions
were the same as those described in Figure 3.

domain. The corresponding relative deviation is obtained via
dividing Eq. 18 by the maximum temperature difference
T max Tol, where T,.x is the maximum temperature
obtained with the full model for x =y = 0.

In Figure 8 the absolute and relative temperature devia-
tions are plotted as a function of the number of platelets.
The data points are fitted by a second-order polynomial
(solid line) and a B-spline (dashed line). The absolute tem-
perature deviation decreases with a decreasing number of
platelets. However, with fewer and fewer platelets the reactor
becomes increasingly flatter, resulting in a simultaneous
decrease of the absolute temperature difference as defined
above. Thus, even with a decreasing absolute temperature
deviation, the relative deviation increases when the number
of platelets is reduced, leveling off at a value of about 4%.
From Figure 8 it can be estimated how the developed mean-
field model performs in cases where the number of channels
is so small that the underlying averaging approach hardly
appears to be justified. The smallest reactor (two platelets)
has only 16 channels, still the relative temperature deviation
is limited to about 4%.

The close similarity of the computational results of the
two models stands in sharp contrast to the respective compu-
tational efforts. Referring to the grid dependence shown in
Figure 7, it seems appropriate to compare the smallest grid of
the mean-field model with the largest grid of the full model,
since the mean-field model results remain virtually unchanged
under grid refinement. Under this assumption, the solution of
the full model takes about 7 h on three 3-GHz-Intel Xeon pro-
cessors. In contrast, only a few seconds were required to obtain
a solution for the mean-field model on one 3-GHz-Intel Pen-
tium processor. Thus, the computation times differ by a factor
of a few thousand, a point to pay attention to when a fast eval-
uation of reactor designs is required in the context of parameter
studies or optimization runs. Even when the velocity field is
not computed but prescribed, and only the temperature field is
solved for within the full model, the difference in computa-
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tional burden is still dramatic. Simply from the number of grid
cells (=6000 for the mean-field, ~5 million for the full model)
a speed up factor of several hundred can be derived.

It is also instructive to compare the computational costs of
the full and the mean-field model as a function of the num-
ber of channels N. Based on the constraint that the number
of grid cells needed to resolve a single channel is a fixed
quantity, the total number of cells required for the full model
scales as N, whereas in the mean-field model (where channel
geometries no longer need to be resolved explicitly), the total
number of cells is independent of N. For very large N, the
computational savings of the mean-field model may even be
bigger than that, because when the outer dimensions of the
multichannel stack are kept fixed and the number of channels
increases, the aspect ratio of the grid cells in the full model
increases simultaneously. It may therefore be necessary to
define a single-channel grid with a larger number of cells in
order to keep the aspect ratio within reasonable limits.

Summary and Conclusions

A 3-D mean-field model has been developed allowing for
a fast computation of the temperature field in multichannel
microreactors. The model treats the reaction fluid and the
wall material as interpenetrating continua which can ex-
change heat via a prescribed heat transfer coefficient charac-
teristic for the channel cross section under consideration.
Heat conduction within the channel walls is represented by a
thermal conductivity tensor, whose components contain infor-
mation on the specific wall geometry. It was shown that the
fluid temperature can be eliminated from the set of partial
differential equations, leading to a closed equation for the
solid temperature.

The numerical solution of the mean-field model was per-
formed for a test case inspired by a specific practical applica-
tion, namely the partial oxidation of ethylene. Parallel to
that, a more detailed model—the so-called full model—was
set up. The full model accounts for the geometric structure
of the microreactor explicitly and fully resolves the details of
channel geometry. Consequently, the full model contains a
far larger number of degrees of freedom. A comparison of
the temperature profiles between the mean-field and the full
model shows a satisfactory agreement. Both models indicate
that in the entrance region of the reactor the fluid and the
solid temperatures are not equilibrated, thus underlining the
necessity of a two-temperature model. The reason for this
local deviation from thermal equilibrium is the fast chemical
reaction, which inputs heat into the fluid being subsequently
transferred to the channel walls.

The times needed to numerically solve the equations of
the two models are strikingly different. A speed-up factor of
several hundred to a few thousand can be achieved with the
mean-field model, depending on whether or not the momen-
tum and mass conservation equations are solved. This makes
the mean-field description an especially promising method
for the fast evaluation of reactor designs. When developing a
microreaction system, it is often unclear how exactly the
properties of the channel walls (geometry and thermal con-
ductivity) influence the reaction performance. Usually the
goal is to achieve a temperature distribution as uniform as
possible, in order to suppress unwanted side reactions and to
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increase the selectivity of the process. Because of its reduced
computational cost, the mean field model presented in this
article should allow to compare the thermal performance of
different reactors, perform parameter studies, and optimiza-
tion runs, and thereby identify favorable designs.

Notation
ay = specific surface area, m?/m?
¢ = specific heat, J/(kg K)
C; = constant of integration, K
d = hydraulic diameter of microchannel, m

h = channel depth, m
k¢ = fluid thermal conductivity, W/(m K)

kj; = thermal conductivity tensor W/(m K)
ks = solid thermal conductivity W/(m K)
L = extension of model domain, m
N = number of microchannels
Pe = Péclet number
Pr = Prandtl number
Re = Reynolds number
Se¢ = heat source in fluid, W/m?
Ses = heat source in solid, W/m?
s, = ratio of thermal conductivities
sy = ratio of thermal conductivities
t = time, s
T = temperature, K
To = temperature at domain boundary, K
AT,,, = absolute temperature difference, K
AT\, = relative local temperature deviation
u; = fluid velocity, m/s
w = channel width, m
2 = (X, X2, x3)
x; = spatial coordinate vector, m

Greek letters

= heat transfer coefficient, W/(m? K)

o
® = volume fraction
) = parameter determining temperature derivative, m~ "
0 = characteristic temperature scale
p = density, kg/m’
Subscripts
d = based on channel diameter
f = fluid
in = value at inlet plane
L = based on channel length
max = maximum value
s = solid
Superscripts
(0) = referring to material property
" = indicating modified source term or integration variable
(full) = referring to full model
(mf) = referring to mean-field model
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